When a smooth curve is used to describe the path of a computer-controlled cutting machine, the path is usually approximated by many straight line segments. It is preferable to describe the cutting path as an arc spline, a tangent continuous piecewise curve made of circular arcs and straight line segments. This paper presents an algorithm for finding an arbitrarily close arc spline approximation of a smooth curve.
Introduction
The standard practice for cutting a smooth curve with a computer-controlled cutting machine is to cut a polygon that is very close to the smooth curve. This method gives a continuous path with a discontinuous unit tangent vector, which causes some problems [5] . Modern cutting machines are capable of cutting a tangent continuous path called an arc spline. An arc spline is formed from straight line segments and circular arcs [4, 6, 8] . In 1-5] a quadratic NURBS (nonuniform rational B-spline) curve is approximated by an arc spline. In this paper, the problem of approximating a segment of a more general smooth curve is discussed. A smooth curve will be taken to mean a curve with continuous third derivatives with respect to arc length.
Here arc splines will be formed by joining biarcs. A biarc from a point A to a distinct point B is a curve made by joining two circular arcs that start at A and end at B so that their tangents match at the joining point. The angle from the tangent at A to B -A and the angle from B -A to the tangent at B are in (--n, r 0. The angles of the sectors formed by each arc are in (-27t, 2rt ). This definition of the biarc appeared in I-4].
Assume the smooth curve segment to be approximated has a finite number of curvature extrema and inflection points. These special points partition the curve into spiral segments. The theory for approximating spiral segments by arc splines appears in Section 2. An algorithm for approximating any smooth curve segment, whether it is a spiral or includes curvature extrema or inflection points, appears in Section 3.
Theoretical results
In this section, the approximation of smooth planar spiral segments is considered. Without loss of generality, assume the spirals have positive curvature that increases when the arc length is increasing. Definition 1. Consider the family of circular arcs joining one given point A to another distinct given point B. The two circular arcs that match a given unit tangent vector at the first point tA and that match a given unit tangent vector at the second point tB will be called the bounding circular arcs CA and CB (see Fig. 1 ).
Theorem 2. Any biarc (as defined in the Introduction) that joins one point to another distinct point and matches given unit tangent vectors at the two points lies between the bounding circular arcs that are derived from the two points and the two unit tangent vectors.
There is a one parameter family of biarcs that join two given points and match given unit tangent vectors at those points. The bounding curves of the family of biarcs are the bounding circular arcs of the above definition. The proof of Theorem 2 is given in [5] . Definition 3. A convex curve is a curve that has the property that if its endpoints are joined by a straight line, the enclosed region is a convex region [2]. The spiral segment is said to satisfy the enclosing condition if the curvature of the spiral at A is less than or equal to the curvature of CA and the curvature of the spiral at B is greater than or equal to the curvature of C8 (see Fig. 1 ). Some notation regarding smooth curve segments will now be established. Assume the curve segment Q(s), So <<. s <~ sl, is parametrized in terms of arc length, and let the arc length be h = Sl -So. Using t = t(So) for the unit tangent vector at Q(so), n = n(so) for the unit normal at Q(so), and employing the Frenet formulae for curves in the plane, the derivatives of Q(s) with respect to arc length are
where k = k(so) and k' = (d/ds) k(so) are the curvature and its derivative with respect to arc length at So. It is convenient to use a coordinate system based on t and n as the X and Y axes. Taylor series expansion gives
Finally, the notation .4 x B shall be taken to mean the scalar
where tp is the anticlockwise angle from vector 
(sl) -Q(so) to t(sl)
, let arc E be the bounding circular arc with tangent parallel to t at Q(so), and let arc F be the bounding circular arc with tangent parallel to t(Sl) at Q(sl) (see Fig. 2 ).
The distance between Q(so) and Q(Sl) is {use (1) and (A.1)},
and from (2),
Dividing the above by d{ (1), (2), (3)},
and by (A.2) ~ is
Similarly,
dsinfl = (Q(sl) -Q(so)) x t(sl),
where t(s~) is the derivative of (1) Consider for a moment just arc E (see Fig. 3 ); the radius UW of arc E is 
The maximum distance between the two bounding arcs E and F is the difference of two distances like UV, and is {(3), (5), (6) Ro -k 6k 2 h + O(h2).
The above calculation is easier if you divide the two factors that depend on 0 first. The radial distance or deviation between the curve Q(s) and the first circular arc is
where the centre of the first circular arc Co is Proof. The maximum distance between the bounding circular arcs (8) divided by the maximum distance from Q(s) to the biarc (15) is 2x~44 = 13.5. [] The result in the corollary could be used to reduce calculations. To find a biarc within e of a given spiral, one could subdivide until the maximum distance between bounding circular arcs is e. However, the corollary shows that an error of e will be achieved (asymptotically as h approaches zero) when the maximum distance between the bounding circular arcs is 13.5e.
An illustration of some of the results in Theorem 9 is given in Fig. 4 . The radial distance (12) from a cubic B6zier spiral curve with control points (0, 0), (100, 0), (200, 2), (300, 8) to the corresponding biarc is plotted against the arc length along the biarc. The point J corresponds to the joining point of the two arcs of the biarc. Notice that the deviation and its first derivative are zero at both end points and that the deviation changes sign near J as predicted by the asymptotic analysis in Theorem 9.
Algorithm and examples
The goal is to approximate a smooth planar curve by an arc spline to a given tolerance. The method proposed here is to partition the curve so that the curve is between bounding circular arcs and the bounding circular arcs are within the required tolerance. Biarcs that match the same data are between the same bounding circular arcs. The biarcs join to form an arc spline that is then guaranteed to be within the required tolerance of the curve.
A short description of the algorithm follows. Let Approx(A, B) be a procedure that finds an arc spline approximation to the curve from point A to point B. The following outline shows how the curve could be partitioned so that the arc spline produced approximates the curve to a given tolerance.
procedure Approx (A, B) ease 1. If A very close to B, then return a straight line as part of the arc spline approximation.
ease 2. If the enclosing condition of Definition 4 is satisfied, assume the curve is a spiral, and calculate the maximum distance between the bounding circular arcs (8). In case 2, the enclosing condition of Definition 4 is a necessary but not sufficient condition that the curve is a spiral. A nonspiral curve is not necessarily enclosed by the bounding circular arcs, so the biarc is not necessarily within the required tolerance even when the bounding circular arcs are. The curve segments with curvature extrema or inflection points could cause trouble. One solution is to ignore the problem. Assuming there are a small number of such points, only a small number of segments will cause difficulty, and, if the subdivision is fine enough, they may fall under case 1. Another solution is to search for and partition the curve at curvature extrema and inflection points before starting the arc spline approximation. A method for determining curvature extrema in cubic B~zier curves is given in [9] . Formulae for the curvature extrema of quadratic NURBS are given in [3] . This solution entails more work, but is satisfying in that the curve segments being approximated will be spirals so that the assumption in case 2 is valid.
Two numerical examples are given. The first, and simpler, curve is a cubic B6zier curve with control points (0, 0), (30, 150), (250, 120), (300, 0) (see Fig. 5 ). It was approximated by an arc spline (formed from Sabin's biarcs [7] ) using the above method. Table 1 gives the maximum distance between bounding circular arcs, the distance from the arc spline to the cubic B6zier (estimated by taking the maximum of two hundred distances), and the number of biarcs used.
The second example is a quintic B6zier with control points (0, 0), (-20, 150), (250, 120), (300, 0), (350, 100), and (250, 300) (see Fig. 6 ). It was approximated by an arc spline (formed from Sabin's biarcs I-7]) using the above method. Table 2 gives the maximum distance between bounding j Fig. 5 . A cubic B6zier. circular arcs, the distance from the arc spline to the quintic B6zier (estimated by taking the maximum of two hundred distances), and the number of biarcs used.
The numerical results for both the above examples are consistent with the theoretical results that the approximations are O(h 3) and that the maximum distance between the curve and biarc is about 1 of the distance between the bounding circles. 13.5
